Abstract. Fuzzy logic handles vague problems in various areas. The fuzzy numbers can represent either quantitative or qualitative variables. The quantitative fuzzy variables can embody crisp numbers, aggregates of historical data or forecasts. The qualitative fuzzy variables may be applied when dealing with ordinal scales. The MULTIMOORA method (Multiplicative and Multi-Objective Ratio Analysis) was updated with fuzzy number theory. The MULTIMOORA method consists of three parts, namely Ratio System, Reference Point and Full Multiplicative Form. Accordingly, each of them was modified with triangular fuzzy number theory. The fuzzy MULTIMOORA summarizes the three approaches. The problem remains how to summarize them. It cannot be done by summation as they are composed of ranks (ordinal). Indeed summation of ranks is against any mathematical logic. Another method, the Dominance Method, is used to rank the EU Member States according to their performance in reaching the indicator goals of the Lisbon Strategy 2000-2008. This ranking will group the best performing countries in a Core Group, followed by a Second Group, the Semi-periphery Group. Group 3, the Periphery Group, will encompass the less performing states.
Introduction
Multi-Objective Optimization (MOO) methods deal with problems of compromise selection of the best solutions from the set of available alternatives { } . Usually neither of the alternatives satisfies all the objectives therefore satisfactory decision is made instead of optimal one. Roy (1996) presented the following pattern of MOO problems: 1) α choosing problem -choosing the best alternative from A ; 2) β sorting problem -classifying alternatives of A into relatively homogenous groups; 3) γ ranking problem -ranking alternatives of A from best to worst; 4) δ describing problem -describing alternatives of A in terms of their peculiarities and features. Hence, during last few decades there were many Multi-Objective methods developed. Usually MOO techniques are classified into multiple objective decision making (MODM) and multiple attribute decision making (MADM) . While MODM deals with continuous optimization problems and virtually infinite set of alternatives, MADM methods are aimed at discrete optimization and finite set of pre-defined alternatives. In this article term MOO will refer to MADM. The MOO methodology and methods were overviewed by Guitouni and Martel (1998) and Zavadskas et al. (2008b) . Kaplinski (2009) presented an overview of advances in MOO science.
The MOO procedure usually consists of three basic stages: 1) identification of alternatives; 2) selection of objectives or indicators; 3) the choice of the problem with the appropriate MOO method (Roy 2005) . Whereas the first stage is quite unequivocal the remaining two could raise some questions. Objectives can encompass non-subjective as well as subjective attributes (Liang, Wang 1991; Heragu 1997; Chou et al. 2008) . Non-subjective indicators (attributes) are quantitative, e.g., investment costs. Subjective indicators are qualitative such as stakeholders' opinions. Therefore, decision making often relies on complex as well as on vague issues. Zadeh, the Founder of fuzzy logic (1965) , proposed employing the fuzzy set theory as a modeling tool for complex systems that are hard to define exactly in crisp numbers. Fuzzy logic hence allows coping with vague, imprecise and ambiguous input and knowledge (Kahraman 2008; Kahraman and Kaya 2010) . Linguistic variables expressed in fuzzy numbers were introduced by Zadeh (1975a Zadeh ( , 1975b Zadeh ( , 1975c and applied in many studies (Liang 1999; Chen 2000; Chou et al. 2008; Torlak et al. 2011) . Grey numbers were also applied in the decision making branch (Zavadskas et al. 2008a (Zavadskas et al. , 2008c Lin et al. 2008; Peldschus et al. 2010 ) when creating MOO methods suitable for fuzzy inputs 1 . The question of extending the existing MOO methods to the fuzzy environment is of high importance. The Analytic Hierarchy Process (AHP) was initially proposed by Saaty (1980) and extended into fuzzy environment (van Laarhoven, Pedrycz 1983; Leung, Cao 2000) . The simple additive weight (SAW) method (MacCrimmon 1968) was updated with fuzzy numbers theory and integrated with other decision making techniques (Chou et al. 2008) . Technique for the Order Preference by Similarity to Ideal Solution (TOPSIS) was introduced by Hwang and Yoon (1981) and updated with fuzzy number theory (Chen 2000; Liu 2009a; Zavadskas and Antucheviciene 2006) . The Method of Complex Proportional Assessment (COPRAS) (Zavadskas et al. 1994) was improved by applying fuzzy number technique (Zavadskas, Antuchevičienė 2007 ). Zavadskas and Turskis introduced another method ARAS (2010), extended with grey and triangular fuzzy number Zavadskas 2010a, 2010b) . Liang and Ding (2003) developed fuzzy MOO method based on α-cut concept. Peldschus and Zavadskas (2005) applied fuzzy game theory in multiple objective evaluation. Hence, updating MOO methods with fuzzy number theory is important. Brauers and Zavadskas (2006) introduced Multi-Objective Optimization by Ratio Analysis (MOORA) on basis of previous research by Brauers (2004) . In 2010 these authors developed this method further which became MULTIMOORA (MOORA plus the full multiplicative form). Numerous examples of application of these methods are present (Brauers et al. 2007 (Brauers et al. , 2008 (Brauers et al. , 2010 Ginevičius 2009, 2010; Zavadskas 2009a, 2009b; Chakraborty 2010) . However MULTI-MOORA has not been updated with fuzzy numbers theory yet. This article deals with the issue of updating MULTIMOORA method with triangular fuzzy number theory and applying the fuzzy MULTIMOORA in international comparison of the European Union Member States.
The article is therefore organized in the following way. Section 2 deals with fuzzy set theory. The following Section 3 focuses on MULTIMOORA method. The proposed fuzzy MULTIMOORA method is described in Section 4. Section 5 undertakes a numerical example where the European Union (EU) Member States are compared on a basis of structural indicators and the new method. The data covers the period of 2000-2008. Section 6 makes a distinction between cardinal and ordinal scales in MULTIMOORA. Section 7 brings the application of the Multi-Objective Optimization on the European Union Member States based on MULTIMOORA.
The fuzzy set theory and triangular fuzzy numbers
Fuzzy sets and fuzzy logic are powerful mathematical tools for modeling uncertain systems. A fuzzy set is an extension of a crisp set. Crisp sets only allow full membership or nonmembership, while fuzzy sets allow partial membership. The theoretical fundaments of fuzzy set theory are overviewed by Chen (2000) .
In a universe of discourse X, a fuzzy subset A  of X is defined with a membership function ( ) A x µ  which maps each element x X ∈ to a real number in the interval [0; 1]. The function value of ( ) A x µ  resembles the grade of membership of x in A  . The higher the value of ( ) A x µ  , the higher the degree of membership of x in A  (Keufmann and Gupta 1991). Noteworthy, in this study any variable with tilde will denote a fuzzy number.
A fuzzy number A  is described as a subset of real number whose membership function ( ) A x µ  is a continuous mapping from the real line ℜ to a closed interval [0; 1], which has the following characteristics: 1) (Fig. 1) represented by a triplet ( , , ) a b c . Triangular fuzzy numbers will therefore be used in this study to characterize the alternatives. The membership function ( ) A x µ  is thus defined as:
.
In addition, the parameters a, b, and c in (1) can be considered as indicating respectively the smallest possible value, the most promising value, and the largest possible value that describe a fuzzy event (Torlak et al. 2011) .
Let A  and B  be two positive fuzzy numbers (Liang, Ding 2003) . Hence, the main algebraic operations of any two positive fuzzy numbers ( , , )
can be defined in the following way (Zavadskas, Antuchevičienė 2007): 1. Addition ⊕ :
2. Subtraction  :
3. Multiplication ⊗ :
4. Division  :
The vertex method will be applied to measure the distance between two fuzzy numbers.
be two triangular fuzzy numbers. Then, the vertex method can be applied to measure the distance between these two fuzzy numbers: Fuzzy numbers can be applied in two ways when forming the response matrix of alternatives on objectives. First, fuzzy numbers can represent the values of linguistic variables (Zadeh 1975a (Zadeh , 1975b (Zadeh , 1975c when deciding either on the importance of criteria or performing qualitative evaluation of alternatives. For the latter purpose Chen (2000) describes the following fuzzy numbers identifying values of linguistic variables from scale Very poor to Very good: Very poor -(0, 0, 1); Poor -(0, 1, 3); Medium poor -(1, 3, 5); Fair -(3, 5, 7); Medium good -(5, 7, 9); Good -(7, 9, 10); Very good -(9, 10, 10). Second, the fuzzy numbers can represent monetary (quantitative) terms. It can be done either through direct input of certain fuzzy numbers into the response matrix or by aggregation of raw data (e. g. time series). For example, if there are costs "approximately equal to $200" estimated, the sum can be represented by triangular fuzzy number (190, 200, 210) . Moreover, the fuzzy numbers can embody expected rate of growth. For example, if there is level of unemployment of 5 per cent with expected growth of 10 per cent, a triangular fuzzy number (5, 5.5, 6.1) can summarize these characteristics. As for time series data, a fuzzy number can represent the dynamics of certain indicator during past t periods:
where p a represents the value of certain indicator during period p ( 1,2, , p t = … ). The results of comparison of alternatives based on fuzzy numbers are also expressed in fuzzy numbers. The fuzzy numbers therefore need to be converted into crisp ones in order to identify the most promising alternative. There are four defuzzification methods commonly employed: (i) the centered method (or centre of area -COA); (ii) the Mean-of-maximum (MOM); (iii) the α-cut method; and (iv) the signed distance method (Zhao and Govind 1991; Yao and Wu 2000) . In this study the COA method will be applied to obtain the Best Non-fuzzy Performance (BNP) value:
where a, b and c are respectively the lower, modal, and upper values of fuzzy number ( , , ) A a b c =  2 (Triantaphyllou 2000; Zavadskas and Antucheviciene 2006) . Moreover, the robustness as well as precision of multi-criteria optimization can be improved by applying either intuitionist fuzzy numbers (Zhang, Liu 2010) or two-tuple linguistic representation (Liu 2009b) .
The MULTIMOORA method
As already said earlier, Multi-Objective Optimization by Ratio Analysis (MOORA) method was introduced by Brauers and Zavadskas (2006) on the basis of previous research (Brauers 2004) . Brauers, Zavadskas (2010) and Brauers, Ginevičius (2010) extended the method and in this way it became more robust as MULTIMOORA (MOORA plus the full multiplicative form). These methods have been applied in numerous studies (Brauers et al. 2007 (Brauers et al. , 2010 Brauers, Ginevičius 2009; Brauers, Zavadskas 2009a , 2009b Brauers, Ginevičius 2010; ) focused on regional studies, international comparisons and investment management.
MOORA method begins with matrix X where its elements ij x denote i th alternative of j th objective ( 1,2, , i m =  and 1,2, , j n =  ). MOORA method consists of two parts: the ratio system and the reference point approach. MacCrimmon (1968) defines two stages of weighting, namely normalization and voting on significance of objectives. The issue of weighting is discussed by Brauers, Zavadskas (2010) ; Zavadskas et al. (2010b) , while the problem of normalization is analyzed by Brauers (2007) and Turskis et al. (2009) . The MULTIMOORA method includes internal normalization and treats originally all the objectives equally important. In principle all stakeholders interested in the issue only could give more importance to an objective. Therefore they could either multiply the dimensionless number representing the response on an objective with a significance coefficient or they could decide beforehand to split an objective into different sub-objectives (Brauers, Ginevičius 2009) .
The Ratio System of MOORA. Ratio system defines data normalization by comparing alternative of an objective to all values of the objective: 
where 1, , g n =  denotes number of objectives to be maximized. Then every ratio is given the rank: the higher the index, the higher the rank.
The Reference Point of MOORA. Reference point approach is based on the Ratio System. The Maximal Objective Reference Point (vector) is found according to ratios found in formula (9). The j th coordinate of the reference point can be described as
in case of maximization. Every coordinate of this vector represents maxima or minima of certain objective (indicator). Then every element of normalized responses matrix is recalculated and final rank is given according to deviation from the reference point and the Min-Max Metric of Tchebycheff:
The Full Multiplicative Form and MULTIMOORA. Brauers and Zavadskas (2010) proposed MOORA to be updated by the Full Multiplicative Form method embodying maximization as well as minimization of purely multiplicative utility function. Overall utility of the i th alternative can be expressed as dimensionless number: 
The fuzzy MULTIMOORA method
The fuzzy MULTIMOORA begins with response matrix X  with
The fuzzy Ratio System
The Ratio System defines normalization of the fuzzy numbers ij x  resulting in matrix of dimensionless numbers. The normalization is performed by comparing appropriate values of fuzzy numbers:
The normalization is followed by computation of summarizing ratios * i y  for each i th alternative. The normalized ratios are added or subtracted according to formulas (2) or (3) respectively:
where 1,2, , g n = … stands for number of indicators to be maximized. Then each ratio
is de-fuzzified by applying Eq. 8:
where i BNP denotes the best non-fuzzy performance value of the i th alternative. Consequently, the alternatives with higher BNP values are attributed with higher ranks.
The fuzzy Reference Point
The fuzzy Reference Point approach is based on the fuzzy Ratio System. The Maximal Objective Reference Point (vector) r  is found according to ratios found in formula (13 
Then every element of normalized responses matrix is recalculated and final rank is given according to deviation from the reference point (Eq. 6) and the Min-Max Metric of Tchebycheff:
The fuzzy Full Multiplicative Form
Overall utility of the i th alternative can be expressed as dimensionless number by employing Eq. 5:
where objectives of the i th alternative to be minimized with n g − being the number of objectives (indicators) to be minimized. Formula (4) is applied when computing these variables. Since overall utility ' i U  is fuzzy number, Eq. 8 has to be used to rank the alternatives. The higher the BNP, the higher the rank of certain alternative.
Thus fuzzy MULTIMOORA summarizes fuzzy MOORA (i. e. fuzzy Ratio System and fuzzy Reference Point) and the fuzzy Full Multiplicative Form.
A comparison of the European Union Member States according to fuzzy MULTIMOORA
The fuzzy MULTIMOORA was applied when comparing EU Member States. Empirical analysis of EU Member States' efforts in seeking Lisbon goals began with definition of system of structural indicators (Table 1 ). The system consists of 12 indicators from the shortlist of structural indicators. Directions of optimization were also attributed to each of the indicator. For example, rising level of unemployment has negative economic and social consequences (Martinkus et al. 2009; Korpysa 2010) therefore it should be minimized. The indicators are measured in different dimensions. The volume index of GDP per capita in Purchasing Power Standards (PPS) is expressed in relation to the European Union (EU-27) average set to equal 100. If the index of a country is higher than 100, this country's level of GDP per head is higher than the EU average and vice versa. Labor productivity per person employed is measured as GDP in PPS per person employed relative to EU-27 average (EU-27 = 100). The employment rate is calculated by dividing the number of persons aged 15 to 64 in employment by the total population of the same age group. The employment rate of older workers is calculated by dividing the number of persons aged 55 to 64 in employment by the total population of the same age group. The indicator Youth education attainment level is defined as the percentage of young people aged 20-24 years having attained at least upper secondary education attainment level. Gross domestic expenditure on R&D is expressed as a percentage of GDP. Business investment is defined as total gross fixed capital formation expressed as a percentage of GDP, for the private sector. Comparative price levels are the ratio between Purchasing power parities and market exchange rate for each country shown in relation to the EU average (EU-27=100). The share of persons with an equivalised disposable income below the risk-of-poverty threshold, which is set at 60% of the national median equivalised disposable income (after social transfers) is resembled by At-risk-of-poverty rate indicator. Long-term unemployment rate is number of persons that have been unemployed for more than 12 months expressed as the percentage of total labor force. Greenhouse gas emissions indicator presents annual total emissions (CO2 equivalents) in relation to "Kyoto base year". In general the base year is 1990 for the non-fluorinated gases and 1995 for the fluorinated gases. Gross inland consumption of energy divided by GDP (kilogram of oil equivalent per 1000 Euro) results in the Energy intensity of the economy indicator. However, the application of MULTIMOORA method enables to summarize all these indicators expressed in different dimensions. The initial data (Annex A, Table A1 ) were aggregated by employing Eq. 8. Minimal values, geometric means and maximum values (denoted as min, average and max respectively in Table A2 , Annex A) were obtained for each indicator thus creating the fuzzy response matrix  X (Table A2) containing 324 fuzzy numbers. The data were internally normalized by applying Eq. 13: each response ijk x , 1,2,3 k = , was divided by respective ratio presented in the last row of Table A2 (Annex A). Hence the fuzzy normalized response matrix * X  was formed (Table A3 , Annex A).
Aggregation of normalized fuzzy ratios was performed according to Eq. 14. In this way the summarizing fuzzy ratios ( )
, ,
were obtained and de-fuzzified by applying Eq. 15:
BNP expressed in crisp numbers enabled to attribute each EU Member State with appropriate rank (Table A4 , Annex A).
The fuzzy Reference Point relies on ratios retrieved by fuzzy Ratio System. Table A5a (Annex A) presents the coordinates of fuzzy vector r  , which were obtained by applying Eq. 16. Afterwards, the countries were ranked according Eq. 17 (Table A5b , Annex A). Since the distances were expressed in crisp numbers, no de-fuzziness was necessary.
Finally, the fuzzy Full Multiplicative Form was applied according to Eq. 18. Computation of fuzzy products i A  and i B  was a prerequisite for further calculations (Eq. 4, 5). Since ' i U  is also a fuzzy number, Eq. 8 was applied to transform it into a crisp one (Annex B, Table B1 ). MULTIMOORA should summarize ranks from the Ratio System, Reference Point, and the Full Multiplicative Form.
Cardinal and ordinal scales in MULTIMOORA
Does there not exist a problem when MULTIMOORA has to totalize ranks from the Ratio System, Reference Point and the Full Multiplicative Form? Indeed adding up of ranks, ranks mean an ordinal scale (1 st , 2 nd , 3 rd etc.) signifies a return to a cardinal operation (1 + 2 + 3 + …). Is this allowed?
The answer is "no" following the Noble prize Winner Arrow:
6. 1. The impossibility theorem of arrow "Obviously, a cardinal utility implies an ordinal preference but not vice versa" (Arrow 1974 ).
2. The rank correlation method
The method of correlation of ranks consists of totalizing ranks. Rank correlation was introduced first by psychologists such as Spearman (1904 Spearman ( , 1906 Spearman ( and 1910 and later taken over by the statistician Kendall in 1948. He argues (Kendall 1948): "we shall often operate with these numbers as if they were the cardinals of ordinary arithmetic, adding them, subtracting them and even multiplying them", but he never gives a proof of this statement. In his later work this statement is dropped (Kendall and Gibbons 1990) . In ordinal ranking 3 is farther away from 1 than 2 from 1, but Kendal (1948) goes too far (Table 2) . For Kendal B is far away from A as it has 7 ranks before and A only 4, whereas it is not true cardinally.
In addition a supplemental notion, the statistical term of Correlation, is introduced. Suppose the statistical universe is just represented by two experts, for us it could be two methods. If they both rank in a same order different items to reach a certain goal, it is said that the correlation is perfect. However, perfect correlation is a rather exceptional situation. The problem is then posited: how in other situations correlation is measured. Therefore, the following Spearman's coefficient is used (Kendall 1948: 8) :
where D stands for the difference between paired ranks, and N for the number of items ranked. According to this formula, perfect correlation yields the coefficient of one. An acceptable correlation reaches the coefficient of one as much as possible. No correlation at all yields a coefficient of zero. If the series are exactly in reverse order, there will be a negative correlation of minus one, as shown in the following example (Table 3) . This table shows that the sum of ranks in the case of an ordinal scale has no sense. Correlation leads to: ρ = 1-6×112 / (7(49 -1)) = -1. However, as addition of ranks is not allowed also a subtraction, the difference D, is not permitted.
Most people will better understand the ordinal problem by the way of a qualitative scale, e. After 7 an individual would no more know the cardinal significance compared to the previous 7 ones.
In fact infinite variations are possible. All stress an acceleration or a dis-acceleration process but are not aware of a possible trend break. The full multiplicative method with its huge numbers illustrates the best this trend break as shown in next Table 4 . With the usual Arithmetical Progression: 1, 2, 3, 4, 5, … the distance from the rank 4 to 5 would be the same as from 3 to 4 which is certainly not the case here. In addition all the other progressions fail to discover a trend break too.
Summarizing all these statements the following axioms are proposed.
Axioms on Ordinal and Cardinal Scales

A deduction of an Ordinal Scale, a ranking, from cardinal data is always possible.
2. An Ordinal Scale can never produce a series of cardinal numbers.
An Ordinal Scale of a certain kind, a ranking, can be translated in an ordinal scale of another kind.
In application of axiom 3 we shall translate the rankings of three methods of MULTI-MOORA into an other ordinal scale based on Dominance, being Dominated, Transitivity and Equability.
Dominance, being Dominated, Transitiveness and Equability
The three methods of MULTIMOORA are assumed to have the same importance. Stakeholders, or their representatives like experts, may give a different importance in an ordinal ranking but this is not the case with the three methods of MULTIMOORA. These three methods represent all existing methods in multi-objective optimization with dimensionless measures and consequently all the three have the same important significance. Table 5 .
Equability Absolute Equability has the form: (e-e-e) for 2 alternatives. Partial Equability of 2 on 3 exists e. g. (5-e-7) and (6-e-3). A distinction can be made if a classification shows equability but one of the two alternatives belongs to a higher classified group.
Circular Reasoning
Despite all distinctions in classification some contradictions remain possible in a kind of Circular Reasoning. In such a case the same ranking is given. 
Application on the Multi-Objective Optimization of the European Union Member States based on MULTIMOORA
All Member States were assigned either of three roles in the European world-system. Best performing states with ranks from 1 to 9 were considered as Core states (Group 1), those possessing ranks 10-18 -as Semi-Peripheral states (Group 2), and those with ranks 19-27 -as Peripheral States (Group 3). It should be noted that all European states are unequivocally semi-peripheral at least in the total world-system, thus the given classification is only valid in the context of the European world-system (for the global world-system see for instance: Clark 2010). Beside the general characteristics given above additional remarks have to be made for application on the European situation:
-We have to repeat again that with ranking by dominance the application remains in the ordinal sphere. -We have to repeat again that the three methods have the same importance. -No Equability in ranking was found between the EU members.
-No Absolute Dominance was present in the three methods.
-General Dominance: Sweden with (1-5-7) dominates Luxemburg (2-2-19) and further all the others by transitiveness. Table 6 and Annex D show the final results for the European Member States on basis of Dominance. Finland (4-9-1) 4
Austria (5-3-9) 5
Netherlands (6-1-14) 6
Denmark (3-4-18) 7
Belgium (11-6-2) 8 UK (7-7-15) 9
Germany (8-8-3) Semi-Periphery (Group 2) 10 France (10-10-4) 11 Ireland (9-11-5) 12
Spain (14-13-6) 13
Italy (16-12-8) The application of a theory of Dominance to solve the ordinal problem was successful. If the transition from cardinal to ordinal is possible but from ordinal to cardinal not then the solution has to be found in the transition from one ordinal system to another one. Let us hope that in this way the old discussion between cardinal and ordinal is solved once for all.
Given the recession of 2009 a trend break occurred which was certainly fatal for Ireland, Greece, Portugal and even perhaps for the UK. Standard&Poor's gives a credit rating of BB+ to Greece, which means classifying its government bonds as "junk" paper. Before March 2009 Ireland had the highest rating of AAA but since then it went down over AA+ , AA, AA-, A+ to A. Portugal has even A -. Of course this is only a single indicator. Bur the rating offices take into account many criteria 4 . Probably Ireland, Portugal and Greece will have to substitute Group 2 (Semi Periphery) by Group 3 (Periphery). One can even wonder if UK can stay in Group 1. Consequently similar research on the year 2009 would be very useful.
Conclusion
Fuzzy logic handles vague problems in various areas. Fuzzy numbers can represent either quantitative or qualitative variables. The quantitative fuzzy variables can embody crisp numbers, aggregates of historical data (i.e. time series) or forecasts. The qualitative fuzzy variables may be applied when dealing with ordinal scales. The MULTIMOORA method was therefore updated with fuzzy number theory. Vertex method was used when measuring the distances between fuzzy numbers. Centre of area method was applied for defuzzification.
The MULTIMOORA method consists of three parts, namely Ratio System, Reference Point and Full Multiplicative Form. Accordingly, each of them was modified and thus updated with triangular fuzzy number theory. The fuzzy Ratio System defines internal normalization, aggregation of criteria into single ratios and defuzzification. The fuzzy Reference Point approach relies on definition of the Maximal Objective Reference Point as well as measurement of distances between certain coordinates of the Reference Point and every alternative according to vertex method. The fuzzy Full Multiplicative Form embodies maximization of a purely multiplicative utility function and defuzzification. The fuzzy MULTIMOORA summarizes these three approaches under the form of three sets of ranking, which means: of an ordinal order. At that moment the problem is set: what to do with these three sets of rankings. With small responses matrices no problems did arrive. The solution was mostly easy to see. For large matrices it is much more complicated.
At 
